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Introduction
Addition is the most basic and most frequently used operation in digital circuit design [1, 2] . Due to this reason, a large number of adder architectures have been designed to accommodate the requirements of different applications. Common parameters that measure the performance of a circuit are speed, power, area, power-delay product (PDP), and energy-delay product (EDP), where the PDP represents the energy dissipation per switching event and the EDP is a commonly used measure for energyperformance trade-off [3, 4] . On the basis of area and speed, we can divide the adders in three major categories. The ripple carry adder (RCA) is the slowest architecture with the least number of transistors. The carry look-ahead adder (CLA) is the fastest adder but requires very large area. The carry select adder (CSEL) is used when we need a moderate solution [5] [6] [7] ; it is faster than RCA but slower than CLA.
Extensive research has been done to improve the performance of the full adder (FA), which is the basic building block for large carry-based adders. In [8] [9] [10] [11] , different architectures have been presented to improve the performance of the FA in terms of speed, power, and energy. In [12] , different FA architectures are analyzed and compared with respect to speed, power consumption and PDP. In [13, 14] , different radix-2 and radix-4 architectures are presented and compared for 64-bit parallel prefix adders with main emphasis on the Kogge-Stone adder.
In this work, we design a radix-4 FA instead of the more common radix-2 FA. The radix-4 FA is based on internal carry look-ahead to reduce the carry propagation path in an adder since that path is critical [3] . The main disadvantage of this architecture is a slight increase in transistor count.
With the scaling of technology and supply voltage, it is becoming more important to design the circuits having full voltage swing, which results in high noise margins. For low power applications, it is also common to reduce the supply voltage, but doing so will result in even lower noise margins [15] . Static CMOS logic provides high gain and a voltage swing equal to the supply voltage, yielding high noise margins. Hence, the CMOS logic style is a good choice for low power implementation in deep submicron technologies [16] , which we have chosen for our design.
The paper is organized as follows. In Section 2, we study different FA topologies. In Section 3, two radix-4 FAs are proposed. In Sections 4 and 5, we discuss 32-bit adders that are implemented for comparison. Section 6 shows the simulation results of the adders, and the work is concluded in Section 7.
FA topology
In this work we focus on static CMOS circuits, which provide the high noise margins required for implementation in deep submicron technologies. A popular topology is the mirror FA [12] , which is used as the base topology for our designs. Two different mirror FA circuits are examined. Fig. 1 shows the typical 28-transistor mirror FA. The carry is generated first since it is on the critical path, and then it is reused in the sum generation to obtain low area.
Another mirror FA that consists of 24 transistors is shown in Fig. 2 [17] . Compared to the previous FA, the transistor count is reduced for the sum generation while the circuitry for the carry generation is the same as in Fig. 1 .
Both FAs implement the same Boolean function, which is given in Eqs. (1) and (2):
The circuits are designed using 45 nm CMOS technology parameters [18] and simulated in Spice with a power supply voltage of 1.1 V. Widths of all NMOS and PMOS devices are set to 0.1 mm and 0.2 mm, respectively. For power dissipation we applied pulses with time periods 6 ns, 12 ns, and 24 ns to inputs A, B, and C in , respectively. An inverter is used as load on the carry and sum output in the simulations of the delay and energy dissipation, which are reported in Table 1 . Widths of NMOS and PMOS for this inverter are set to 0.1 mm and 0.2 mm, respectively.
From the results given in Table 1 , it appears that the 28-transistor FA is better as compared to the 24-transistor FA in terms of speed and energy dissipation. However, when we build large adders using this FA, its speed tends to decrease. The reason for this is the fan-out of the carry signal. In the 28-transistor FA, C out is connected to 6 transistors while in the 24-transistors FA, C out is connected to only 4 transistors. This difference in fan-out causes the circuit to be slower for the 28-transistor FA.
Results from simulation of a 32-bit RCA constructed by the two different FAs are shown in Table 2 . For estimating power dissipation, random inputs are generated by a pseudo-random binary sequence (PRBS) generator. Characteristics of this PRBS are discussed in Section 6.1.
It is clear from the data in Table 2 that the 24-transistor FA is better than the 28-transistor FA with respect to speed, power, PDP, and EDP when used as a building block in the 32-bit RCA.
Radix-4 adders
This section presents two different architectures for radix-4 FA. A 2-bit standard CLA is also presented for the comparison purpose.
Basic radix-4 FA
The main approach in this work to reduce the PDP and EDP of an adder is to reduce the delay due to carry propagation. We use the 24-transistor mirror FA as a base for our design, which is illustrated in Fig. 2 .
To optimize the speed, we joined two FAs in a single block and use the carry look-ahead technique [19] to shorten the carry path within the radix-4 FA block. The block diagram of the proposed radix-4 FA is shown in Fig. 3 and the transistor schematic is shown in Fig. 4 . The total transistor count is 56. Boolean equations for the two carry and two sum gates of the carry-accelerated design are given below:
The circuit for computing the least significant sum bit S 0 is the same as that of a radix-2 FA. We use the carry look-ahead technique to design the circuitry for the most significant carry bit C out . Eq. (5) is similar to the equation for a CLA with the difference that generate and propagate signals are generated explicitly for the CLA. To implement the function that computes the most significant sum bit S 1 with a single gate, we invert the inputs A 1 , B 1 , and C 1 . Table 3 shows the intrinsic delay (without load) for the basic components used in the standard and proposed adders. These values are used in the optimization of the adders presented in Section 4.
Pre-computed radix-4 FA
In this section, we modify the radix-4 FA presented in Section 3.1 so that the carry acceleration signals are pre-computed. Using these signals, the carry can be generated with less complex circuitry resulting in less delay. A radix-2 FA with pre-computed signals is also presented for comparison purpose.
Radix-2 FA with pre-computed G/H signals
A standard radix-2 FA with pre-computed carry acceleration signals is shown in Fig. 5 . In this design the carry signal of an adder has to pass through a 6-transistor gate, which is faster than the previously designed 10-transistor circuitry.
Boolean functions for this architecture are given by Eqs. (7)- (10). In this architecture G is computed as the generate function of a CLA, while we use the inverted kill function, denoted by H, instead of the more commonly used propagate function P: 
Radix-4 FA with pre-computed G/H signals
The proposed radix-4 FA with pre-computed G/H circuitry is shown in Fig. 6 . Compared with the previous radix-4 FA design shown in Fig. 4 , the circuitry for C out is modified so that the carry of an adder has to pass through only a 6-transistor gate instead of an 18-transistor gate. Hence a speed advantage is obtained compared to the standard FA.
The Boolean equations for the circuit are as follows:
Equations for implementation of C 1 , S 0 , and S 1 are same as given in Section 3.
The circuit for carry acceleration signal generation is shown in Fig. 7 . A low transistor count is obtained by sharing a part of the circuit. Note the case when A 1 and B 1 are low, and A 0 and B 0 are high. In this case, the NMOS net is used to conduct a high voltage resulting in a reduced voltage swing. However, the inverters at the outputs provide full voltage swing to subsequent circuits. The circuit becomes slower by the sharing, but fortunately it does not affect the critical path. Another drawback is the reduced noise margin, which may require a full static CMOS gate for low supply voltages.
Radix-4 FA vs. standard 2-bit CLA
A 2-bit standard CLA is implemented for comparison with the radix-4 FAs. Block diagram for this 2-bit CLA is shown in Fig. 8 .
The circuit is implemented using complementary CMOS logic style and is realized by Eqs. (14)- (18):
This 2-bit CLA uses two PG blocks whereas pre-computed radix-4 FA uses only one pre-computation block named as 'GH Block'. Moreover, the complexity of Cout circuit is reduced in radix-4 FA using the 'not kill (H)' instead of commonly used 'propagate (P)' signal. Table 4 shows that the radix-4 FAs are not only faster than the 2-bit CLA, but also better in terms of energy and transistor count. Comparing the pre-computed radix-4 FA with the basic radix-4 FA, the speed advantage of the former is even larger, but at the cost of slightly higher energy per operation and transistor count. The increased number of transistors will increase the area of the circuit, but since the different designs provide the same regularity, the impact on the layout complexity should be small.
Implementation of 32-bit adders with basic FA
To evaluate the performance of the proposed circuit, we use it to build 32-bit carry propagation adders. Investigated adders are the ripple carry, carry select, and carry skip adders.
Ripple carry adder
A ripple carry adder (RCA) is used when we have area constraints, and when the speed is of little importance [6] . The standard scheme of an RCA is shown in Fig. 9 .
In order to optimize the RCA delay, we can use the inverter elimination scheme in the carry path [20] . Inverter elimination schemes for radix-2 and radix-4 RCAs are shown in Figs. 10 and 11, respectively.
With this scheme, the delay and power consumption of the RCA are significantly reduced as compared to when we use the standard scheme. We used both the standard and the inverter elimination scheme in our experiments, and refer to these in the following as standard scheme and inverter-eliminated scheme, respectively.
Carry select adder
A carry select adder (CSEL) is commonly used when we need to compromise between speed and area [2] . A CSEL can be constructed using constant block size, or a variable block size. While the implementation of constant block size is less complex, the variable block size gives higher performance than the constant block size. We implemented both types for comparison purpose.
In the case of constant block size, we implemented a 2-stage CSEL using the radix-4 FA to compare its performance with a radix-2 2-stage CSEL. The block diagram for the 2-stage CSEL is shown in Fig. 12 .
We use the strategy presented in [2] to construct a variable block size CSEL optimized for speed. (20) is used to find the size for the remaining blocks:
for i¼3,yQ, where Q is the total number of blocks in a CSEL. The propagation delay of this optimum CSEL can be found by Eq. (21): (20) and given in Table 5 .
We obtain a nearly optimum CSEL [2] with N n ¼ 31. The remaining one bit has to be added in one of the blocks. Timing analysis for this nearly optimum CSEL is given in Table 5 . Table 5 , we see that the remaining bit should be added to 8th block, because it has the largest difference in arrival time of input and select signal, t sel, 8 We find the block sizes of the adder from Eqs. (19) and (20) . They are given in Table 6 . This is a nearly optimum CSEL with N n ¼15. We need to increase the size of one of the blocks to get the complete adder. The timing analysis for this nearly optimum CSEL is given in Table 6 . Arrival times for input and select signals are normalized with respect to t carry .
By inspection of
By inspection of Table 6 , we see that the remaining bit should be added to 6th block, because it has the largest difference in arrival time of input and select signal, t sel,6 À t in,6 ¼0.83 ps. Finally, an optimum CSEL is constructed. The modified values are shown within parentheses in Table 6 .
Carry skip adder
The carry skip adder (CSKA) is well-known for its low PDP [21] . It consists of FA blocks that can be fixed or variable size. A CSKA with a variable block size perform much better than with fixed block size. The general structure of a CSKA is shown in Fig. 13 .
We use the strategy presented in [21] for implementation of CSKAs using the radix-2 FA, and the radix-4 FA. Optimum size for the first and last block can be found by Eq. (23):
where
To find the sizes for the remaining blocks, we use Eq. (24):
Generally, sizing the blocks with this procedure results in an adder with N n bits, which are lower than N. Then, we increase the block sizes appropriately to construct the adder with required number of bits. A CSKA obtained by this procedure is symmetrical, which means it is sufficient to find the block sizes only for lefthand side. Propagation delay of the designed CSKA can be found by Eq. (25):
where M 1 is the size for first block, Q is the number of total blocks in the CSKA, t MUX is propagation delay of a multiplexer, t sum is sum propagation delay of the FA, and Dt p,tot is adder delay increase with respect to the nearly optimum CSKA when some bits are added to it.
4.3.1. Constructing an optimum CSKA using radix-2 FA The total number of blocks required to construct the 32-bit adder is N ¼32. The value of a is 0.6810. From Eqs. (24) and (25), we find the block sizes
, and M 6 ¼4. We have to stop at block 6, because adding another block will result in a total number of bits for one side greater than N/2¼16. This is a nearly optimum CSKA with N n ¼28. Since N ÀN n ¼M Q/2 , we add another block between the two sides with the same size as that of M Q/2 , resulting in a three bit nucleus [21] with M 7 ¼4. Blocks on the right-hand side are symmetrical to left-hand side with sizes M 8 ¼4, M 9 ¼3, M 10 ¼3, M 11 ¼2, M 12 ¼1, and M 13 ¼1. Thus, our optimum CSKA is complete containing 13 blocks.
Constructing an optimum CSKA using radix-4 FA
Using the proposed radix-4 FA, we need only N ¼16 blocks to construct a 32-bit adder. The value of a is 0.5999. The block sizes obtained by Eqs. (23) and (24) are M 1 ¼1, M 2 ¼1, M 3 ¼2, and M 4 ¼2. We have to stop at block, because adding another block will result in a total number of bits for one side greater than 8. We obtain a nearly optimum CSKA with N n ¼ 12. Since N ÀN n 4M Q/2 , we add another block between the two sides. The size of this block is determined by Eq. (24), and it represents the nucleus [21] with M 5 ¼3. Blocks on the right-hand side are symmetrical to the left-hand side with sizes M 6 ¼ 2, M 7 ¼2, M 8 ¼ 1, and M 9 ¼1.
We have constructed a nearly optimum CSKA having 30 bits and now we do need to add one more FA block. These remaining 2 bits must be added to the block with the minimum Dt p . Hence we check for the suitable position to insert the remaining bits to complete the 32-bit adder. This limits our search to choose from 6 . We add an FA to M 4 to complete our optimum CSKA with 9 blocks. The block sizes are
, and M 9 ¼1.
Implementation of 32-bit adders with pre-computed FA
The previous set of 32-bit adders has also been implemented with the pre-computed FAs to evaluate their performance. We use the same scheme of RCA as described in Section 4.1. However, we need to re-design the optimized CSEL and CSKA due to the change in delay of the carry signal.
Constructing an optimum CSEL using radix-2 and radix-4 FA
The new values of a and b for radix-2 FA are 0.5556 and 0.1005, respectively. Repeating the procedure described in Section 4.2, we get the group sizes
The new values of a and b for the radix-4 FA are 0.6350 and 0.1149, respectively. Repeating the procedure described in Section 4.2, we get the group sizes M 1 ¼1, M 2 ¼1, M 3 ¼2, M 4 ¼3, M 5 ¼4, and M 6 ¼5.
Constructing an optimum CSKA using radix-2 and radix-4 FA
The new value of a for the radix-2 FA is 0.7199. Repeating the procedure described in Section 4.3, we get the group sizes M 1 ¼1,
, and M 13 ¼1, which are same as obtained in Section 4.3.1.
The new value of a for the radix-4 FA is 0.8841. Repeating the procedure described in Section 4.3, we get the group sizes M 1 ¼1,
, and M 8 ¼ 1.
Simulation results

Simulation parameters
In this section we present the simulation results of the different adders that we compare. All the circuits are simulated in Spice using 45 nm Predictive Technology Model (PTM) for metal gate/high-k [18] . A power supply voltage of 1.1 V is used for the simulations. The widths for all NMOS and PMOS transistors are set to 0.1 mm and 0.2 mm, respectively. An inverter is used as load at the outputs for all designs. The simulation parameters are given in Table 7 .
For measuring propagation delay we need to set the inputs such that the carry propagates from LSB to MSB [22] . We set A 31 À 0 ¼1 and B 31 À 0 ¼0 to measure the worst-case delay. Then, for t phl we set C in ¼0, and for t plh we set C in ¼ 1.
Random inputs are applied to the adders to verify the results and to estimate the power consumption at f max for each design. The switching activity of the inputs A and B are 0.23 and 0.26, respectively. A pseudo-random binary sequence generator (PRBS) of Galois type is used to provide the data pattern. The generator polynomial for this PRBS is 1þx 25 þx 26 þx 30 þx 32 , which generates a sequence of length 2 32 À 1 [23] . Two different seeds are used for the two PRBS for input A and B. The switching activity of the output is 0.23. For simulation of leakage power, we applied two inputs. The first input is A 31 À 0 ¼0, B 31 À 0 ¼0 and C in ¼0, and the second is A 31 À 0 ¼1, B 31 À 0 ¼1, and C in ¼1. Table 8 shows the simulation results for the 32-bit adders with basic FA. The radix-4 RCA is 1.48 and 1.20 times faster than the radix-2 RCA using standard and inverter eliminated schemes, respectively. The PDP of the radix-4 RCA using standard scheme is 19% lower than the radix-2 RCA, but when we compare the RCAs using inverter eliminated scheme, the radix-4 RCA has 17% higher PDP as compared to the radix-2 RCA. This is because the delay of the radix-4 RCA increases due to the domination of parasitic capacitances. Comparing EDP, standard RCA yields 45% lower EDP for the radix-4 RCA compared to the radix-2 RCA, and inverter eliminated RCA yields 3% lower EDP for the corresponding case. The radix-4 RCA with the best PDP and EDP values is implemented with standard scheme, while the radix-2 RCA with the best PDP and EDP values is implemented with inverter eliminated scheme. Comparing these designs, the radix-4 RCA with standard scheme has a PDP that is 11% higher and an EDP that is 22% lower than the radix-2 RCA with inverter eliminated scheme.
Simulation results for adders with basic FA
A comparison of the 2-stage CSEL adders shows that the radix-4 CSEL is 1.38 times faster, has 12% lower PDP, and 36% lower EDP compared to the radix-2 CSEL. Similarly, the radix-4 variable size CSEL is 1.13 times faster with 10% lower PDP and 21% lower EDP than the radix-2 variable size CSEL.
Similarly the radix-4 CSKA is 1.25 times faster, has a PDP 12% less, and an EDP 45% less than the radix-2 CSKA.
For the 32-bit adders with basic FA, Fig. 14(a) shows the PDP of the radix-2 and radix-4 architectures, Fig. 15(a) shows the EDP of the radix-2 and radix-4 architectures, and Fig. 16(a) shows the power dissipation due to leakage.
The leakage power of the different adders with basic FA is plotted in the graph shown in Fig. 16(a) . Comparing leakage power, the radix-2 RCA implemented with inverter elimination scheme has the lowest leakage, followed by the radix-4 RCA implemented with standard scheme, which has 12% higher leakage power dissipation than the radix-2 RCA architecture using inverter elimination scheme.
The leakage power of the radix-4 2-stage CSEL is 8% higher than radix-2 2-stage CSEL. Similarly the radix-4 variable size CSEL has 3% higher leakage power dissipation as compared to radix-2 variable size CSEL.
The leakage power of the variable size CSKA is approximately the same for both the radix-4 and radix-2 designs.
6.3. Simulation results for adders with pre-computed FA Table 9 shows the simulation results for the 32-bit adders with pre-computed FA. The radix-4 RCA is 2.01 and 1.90 times faster than the radix-2 RCA using standard and inverter-eliminated schemes, respectively. Similarly, the PDP of the radix-4 RCA is 26% and 8% lower than the radix-2 RCA, and the EDP is 63% and 51% lower than the radix-2 RCA, using standard and invertereliminated schemes, respectively.
A comparison of the 2-stage CSEL shows that the radix-4 CSEL is 1.75 times faster, has 17% lower PDP, and 53% lower EDP compared to the radix-2 CSEL. Similarly, the radix-4 variable size CSEL is 1.27 times faster with 13% lower PDP and 31% lower EDP than the radix-2 variable size CSEL. Comparing the CSEL adders, we see that the variable size CSEL has higher PDP and EDP values than the 2-stage CSEL adders. Similarly the radix-4 CSKA is 1.44 times faster as compared to the radix-2 CSKA. The radix-4 CSKA also has 18% lower PDP, and 43% lower EDP as compared to radix-2 CSKA.
For the adders with pre-computed FA, Fig. 14(b) shows the comparison of PDP of the radix-2 and radix-4 architectures, Fig. 15(b) shows the comparison of EDP of the radix-2 and radix-4 architectures, and Fig. 16(b) shows the comparison of power dissipation due to leakage.
The leakage power of the different adders with pre-computed FA is plotted in the graph shown in Fig. 16(b) . Comparing the leakage power, the radix-4 RCA implemented with standard scheme has the best performance, which is 14% lower than the radix-2 RCA implemented with inverter-eliminated scheme.
The leakage power of radix-4 2-stage CSEL is 13% lower than the radix-2 2-stage CSEL. Similarly, the radix-4 variable size CSEL has 15% lower leakage power dissipation as compared to the radix-2 variable size CSEL.
The leakage power of the radix-4 CSKA is 15% lower as compared to the radix-2 CSKA.
Conclusion
In this work, we propose a method of reducing the powerdelay and energy-delay products of an adder by reducing the carry propagation. The method is based on the carry look-ahead technique, where we compute the carry without waiting for the carry out of the previous stage. We implement a radix-4 FA block by joining two FAs. Within this adder we used the carry lookahead technique to compute the results for the second sum bit, and thus avoiding carry propagation. The disadvantage of this technique is a slightly larger transistor count. A standard 2-bit CLA is also implemented to show the performance improvement of radix-4 adder over 2-bit CLA in terms of speed and power dissipation. Simulation results show that the proposed radix-4 adder has lower energy dissipation per operation as compared to 2-bit CLA.
For estimating the performance, we simulate the designs in Spice using a 45 nm technology with a power supply of 1.1 V. A comparison of adders with a basic FA type shows that the radix-4 RCA, 2-stage CSEL, variable size CSEL, and CSKA have a relative PDP of þ 11%, À 12%, À 10%, and À12%, and a relative EDP of À 22%, À 36%, À 21%, and À 30% compared to radix-2 RCA, 2-stage CSEL, variable size CSEL, and CSKA, respectively. When comparing adders with a pre-computed FA type, the radix-4 RCA, 2-stage CSEL, variable size CSEL, and CSKA have À 8%, À 17%, À13%, and À 18% relative PDP and À 51%, À 53%, À 31%, and À 43% relative EDP compared to radix-2 RCA, 2-stage CSEL, variable size CSEL, and CSKA, respectively.
Based on these results, we conclude that our proposed radix-4 FA gives better performance than a standard radix-2 FA.
A comparison of the two designs of radix-4 adders shows that the PDP is À 10%, À 16%, À 24%, and À 11%, and the EDP is þ26%, þ13%, À10%, and þ5% for the radix-4 RCA, 2-stage CSEL, variable size CSEL, and CSKA adders with basic FA relative to the adders with pre-computed FA, respectively. Hence we can conclude that the radix-4 adders with basic FA is better than the adders with pre-computed FA in terms of PDP, but in terms of EDP the radix-4 adders with pre-computed FA has better performance on average. 
